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A Fast Approximation Method for Calculating the Surface Elevation of Deep—Water Fifth—Order Stokes
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Abstract: This paper presents a fast approximation method for calculating the surface elevation of deep-water fifth—order Stokes
waves. The ABR trigonometric series is used to fit the analytical solution of the surface elevation of deep—water fifth—order Stokes
waves, and the functional relationship between the parameters r in the ABR trigonometric series and the wave parameters is
obtained. This functional relationship can then be used to quickly approximate the surface elevation of deep—water fifth—order Stokes
waves. The results show that the ABR trigonometric series can fit the analytical solution of the surface elevation of deep—water
fifth—order Stokes waves, with the fitting deviation increasing as the wave height increases or the period decreases. The deviation
estimated of r by the wave steepness is very small, so the ABR trigonometric series can be used to quickly approximate the surface
elevation of deep—water fifth—order Stokes waves.

Keywords: fifth—order Stokes waves; wave steepness; fast calculation

W Th AR LMK T 5 R AR T R AR
HATEZN B, JELeM K A R84
HHARRE, FZARZ MR R BER i A5 s 2 1
Gerstner B 5G4 H R K 10 A 2 1 A A0S e e T Ao
B2, iZKGwhfe H i b %, HRBAHHRK
HAFRIER, A58 TR P Stokes™ 1 e T
SKRAGARLM K P ITAEATEE) I, BRI Stokes HFRIS
MR RS HAR , LhBE IR S /A B . =B
BT s, BRGSO aH T — R A
B Stokes P k2 0, X HeIAATE TREPAG R
I

IR Stokes P45 H AT AT R TE IR AR L
Bom CPEREROR ) WHARKRIRZEE, HH Stokes IS
25 R AR AR AT A B SRR B v (HR SRR A M A R
A SCHFFE K T Stokes I A BRI A1 07 5
RIS R— I8 27 A i 208 R U AR RIK T Stokes
W, (ERE AR5 TLBY Stokes W25 H B MRATAFAR Y
WA SCOF TR 5 T IR B Rk AU R HAS B
HIPE R o

1 BH%F %

TEVAS AR (R R S iz sh 228 b, P Tt
e 7 5 I ] TG T S KA b x B RR R, R, AT R
AT ABR = A GO A2 5 T T 5«

H 5,5 . Vs
n(x) :7fﬁ2:; b"™ sin[nkx — (nfl)z]
H _sinkx—r/(1++1-1%)
- ?f 1—rsinkx

Kb HEWE FRBEG r=20/0+6) (re0,1))
SERR IR ARLAE RIS TR SEL, v = OXF IR PEE,
PR BRI ABR = A T35 2 Y BB AR L My
EMER ;£ =~1-r RAED() R B S R/ MEZ 225 T
Wi HINSEL

K ABR = A PE R R S S8 e —
SEAENSEL, kAT LA (6 405 ) 2R R 5 Stokes
POETHE, HAMUEA — D RIKPIRAEF LR 1 2
or, XOERATHR] r HpR SR Z AR EOC R

) Abreu %5 738 2 2 HBGE T IE IS KT T
HINHE A, 3 H Ruessink 25 ™ 38 12 B0 37 S 8098 45
7 ABR =M SN E Tk . ARETER AL

(1)

CWT shEKig 2025+ 03 151



23R r e [0,DJE N ABR = MZECE T Stokes I
PRI 18T o AT O 22 Je /N R S B Bl . R R
PR, BN Hr S AR R R 8] Y R EOC
Z20, e L i ABR = A GBI LR PR R R
IKARRAE P BT, I FAX PR SR A B 5 by
Stokes PRI 25 tH A AT oG EAE Y o

2 R 53tk
21 HREZXIY
211 K ZHFR

N T IHE AT B S ABR = 20806 1 Stokes
BEELA TG AR, B 1 45K R =100 m,
JWIT =5s, P H =2m, 3m Al 4m i, A7k
152 Ak T =555 Y Stokes I BRIE LA H IR 2 [R] )
Xt MEIHRTLIEH, ABR —fAZ%40 S 1B Stokes I3
WRRINERA A R, SRR EAES, HI
TR R PR . DA AR . X —JEEk
R RE I e H T AR A5 S A

4

T T T T T
& [1[fiStokesif? (a) H=2m
g2 r—us 1
0 M
! ! t f
(b) H=3m

nm

'
o2 < 5]

n/m
(=]
> >
L

L Il 1 L
.0 02 0.4 0.6 0.8 1.0
X/L

A 1 RE K ZH ABR = A B3 B Stokes 3k P4 FAHT AR 09 A 25 R

F BHIBAEA R AR £

him | H/im | T/s ¥ A
100 2 5 0.162 | 0.168%
100 3 5 0.245 | 0.382%
100 4 5 0.330 | 0.667%
100 4 7.5 0.144 | 0.132%
100 4 10 0.081 | 0.041%

R T EEAEGTRE, £ 1ABTARPERER
&5 ABR = f 2500 T Stokes 117 BV A ATT i 404
w2E, HalBREN .

1 1,z
L e R 2 2
A H\/L IO (M52 = Msiotes) dx ( )

Horf: Tapr & ABR = MIBENIA LR, Tstokes
JETLHY Stokes P LS tHMENTIR, L 2K,

M H AT DUE XA S S, AYITE 1%
DI, XFM, FIH ABR =205 B Stokes
W PRV A AT AN ) 0 e 1 DA AT R aE v .

152 CWT shlEKiE 2025 - 03

EH, AREE P EINm AR, X FRWEFA ABR =
HEHAA T Stokes P FRISTEHT XS T = /MG UK
JEH R

2.1.2 Bl % m

4

' T T T T T T T .
* Tl Stokesif (@) T=5s

",jfjf‘/\\\‘\‘

m

2
0
-2

’/‘\@T\ii

nm
[} (=T & ]

(c‘) T=10s

nm

2
ol
2

L 1 L L L L L L L
0.0 0.2 0.4 0.6 0.8 1.0
x/L

A 2 RE I # ABR = A B33t B Stokes 7% F2 46 fEAT AL 6 o245 R

J T AR IR S ABR — A 0N Ty
Stokes IS L5 AT IR BLGZ5L, 1B 2 45 K IR
h=100m, JHEH =4m, ST = 55, 7.5m F1 10s B},
AL ABR = RS 15 3 5 3 18 T S5 TR Stokes
BRI L5 B AT AR 22 IR AR EE . MR RT DL H R TR
PR EIE L, ABR = A ZES T Stokes i PS4
PN RIIFF A RAF . S8 P T = Y 2B
WEARE . WA TIHIERAE ,  ELIZ AR AR Bl R A
S AR AR B0 R, X AT DA S R b A
m3nA  ( rEfEs R, W ABR U A 1% P
RAELRERAE R ) o

M1 HRT LR AN R TR S AL, Ay
TE 1% LUN. X R, FIH ABR = A1 ST L3k 1L b
Stokes % AR BT X AN [ TR ) A 1 03 HAT 38
o FEER, AMCEEARINmAS /N, X ERF A ABR
ZPEAA T Stokes P PRI AR AT T R AL KA
{90 1
2.2 RFEE T E ik

AT 5 ) PR R P TS ABR A g
SRR i, dem ] LG 5 e R 2 8] Y e
Boe 2 AP TR K LB Stokes 3% A TR, K3
Y KR B =100m, JEIHIT =2.55. 5. 7.5s Fl 10s, %55
He[001m, H,] ( H, =0.14gT" / Qz) 2GR BRI = ) i
1) r 5BE & = kH Z R K DL AU A I, s K
Bl ABR =GR L Stokes 3 PRI AR
3 CEARRIEE 11 o B 3 il ks

r=0.1882" +0.452¢ (3)

MWE 3 HafIEH, X (3) SHUSEEE BT,
RIFI A (3) @b e 113 r BAT B v i

R, FRATT e 2645 3] 7 PRl T R F 35 R K R By
Stokes PR I THE B T e 55—, WRLZE TR EL




DOI %ifi: 10.13646/j.cnki.42-1395/u.2025.05.049

BUH- KA TREFEK TS0 HrE s

(T G RANAF R, T &G 330000 )

OB b KREREYEEGTRAKE, ABLRT AN LS E—RERERGH 0, ALRAZENKE 2K
RBCFARR ATk, MEARBEARI WG F A, AN RRATEARS oM, REIFTHRRREREAKGEZX—H

ARAE B B3 o i A P A H o kR B L
KEER: BRI, EREHE,; HFER; 2BRAKX
hE4SEES: U442.3+3 XHERERIREG: A

TR TG B Bl A TR R0 o P T 7 T o T
XF Y AT ATE 2 5 | A 1 2 K AR 1 0 B Tk 52 i A
EENFZ— ARUF KA RS, K4
CmT 3 5 BN Rl P 250 H B LA AL il S0 (SL
808-2021) ) SRR A X ME AR A =, R T
FER P R PN tp 2K R R i B I 2

XEHS: 1006—7973 (2025 ) 05-0153-03

1 T E#A
1.1 EigTmE#R

WF5E 0 H b 4 VIR Pl B — KX, BT
RN 8.0 km, HFREK 670 m, H-L—KFEHEK
366 m, K 12 m x 30 m JGf SO R S/ IMERIES, #F
PG 9.0m, TRAIEWIE 1 R,

RITAWEBE e 5B, FIAZC (3) iS50 EdE;
S0, ML (1) ABR = MAEOTEkmAEn,
2 T T BT R AR K FLB Stokes I AT L% .

0.5 :

0.4 r=0.1885+0.452¢ |

0.3 - E
0.2 - E

0.1 B

00 | | | | | I | | I
00 01 02 03 04 05 06 07 08

€
B 3 kit e 2 08 e s B ARG 1

3 &b

ASCHIH ABR = FAZEHARIK L Stokes I35 A1 FF
RN TIIG, 155 T ABR =MASBPSEr 5k
Bt & Z I RO R, R HIZ R EOE 22 AT LASE BT
BIKFHBY Stokes IR T T PG T4

SEIRI: YRR S S L, ABR =M%
BT LA RIS T Stokes W THITH I fdATT, LA T2k
PG s EAAS A T, 2 — AL 1%, A
(3) iEILHBE &ttt rim2Efo, eI LIRS (3) 52
PLET ABR — SIS PG HAARK L Stokes I H

[1] 8p&EA] . REFEEE LB A M]. K A5 B RAE R AT
JRAE 2005.

[2]Gerstner F. Theorie der wellen: Abhandlungen der Koniglichen
Bohmischen Gesellschaft der Wissenschaften, Prague[J]. Reprinted in:
Annalen der Physik, 1809, 32(08): 412 - 445.

[3]Stokes G G. On the theory of oscillatory waves|[J]. Transactions of
the Cambridge philosophical society, 1847, 08: 441—455.

[4]Lesht,Barry,M.Nearshore Dynamics and Coastal Processes: Theory,
Measurement, and Predictive Models. Kiyoshi Horikawa[J].The Journal of
Geology, 1989.

[5]Zhao K, Liu P L F. On Stokes wave solutions[J]. Proceedings of
the Royal Society A, 2022, 478(2258): 20210732.

[6]Fang H, Liu P L F, Tang L, et al. The theory of fifth—order Stokes
waves in a linear shear current[J]. Proceedings of the Royal Society A, 2023,
479(2280): 20230565.

[7]Abreu T, Silva P A, Sancho F, et al. Analytical approximate wave
form for asymmetric waves|J]. Coastal Engineering, 2010, 57(07): 656—667.

[8]Ruessink B G, Ramaekers G, Van Rijn L C. On the parameterization
of the free—stream non—linear wave orbital motion in nearshore
morphodynamic models[J]. Coastal engineering, 2012, 65: 56—63.

HE&WE: REAPEERMHERATME (B
%) (JAT220344 ) ; REEXZFECHFEIWlZTR
T1H (4030124003 ) ; EIMEIZRERXAA R
BEBE ( YKJ22043R )

CWT shEKiE 2025+ 03 153



